
J. GUIDANCE, VOL. 17, NO. 2: ENGINEERING NOTES 411

Fig. 3 Energy cost for different initial conditions.

Also, the total energy expenditure required for rendezvous
is

A K = \ac\dt = (11)

1 +A2 X 2 - l

where v0 (= Vrg + r$$ is the magnitude of initial relative
velocity. The A K required for exoatmospheric rendezvous is
proportional to and always greater than the initial relative
velocity. For a smaller value of | A \ or X, a larger energy cost
is required, as depicted in Fig. 3.

III. Conclusion
In this rendezvous guidance, the magnitude of the com-

manded acceleration is programmed similarly to that of mod-
ified true proportional navigation, but it is applied with a bias
angle to the direction normal to LOS in general. Under this
guidance scheme, the closed-form solution of the relative mo-
tion described in a polar coordinate can be simply obtained as
a function of range-to-go or LOS angle. The relative ren-
dezvous path is a form of spiral function, which means that
the direction of the relative velocity is unchanged relative to
the LOS, and the total commanded acceleration is always
applied in a fixed direction related to the relative velocity
during the course of the rendezvous. Also, the energy expendi-
ture required is proportional to and greater than the initial
magnitude of relative velocity.
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Elastoplastic Analysis and Cumulative
Damage Study of a Lanyard Under

Dynamic Conditions

B. S. Nataraju* and B. P. Nagarajt
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Introduction

T HE coilable lattice boom (CLB) shown in Fig. la is used
to deploy a solar sail. Figure Ib shows the sail stowed

against the deck of the satellite and held by six launch restraint
rods. One end of each launch restraint rod is attached to the
spider block and the other end to the hold down assembly.
Figure Ic shows the pop-out spring, housed inside the spider

I block. The CLB is stowed inside a canister with a preloaded
;tip plate. A lanyard made of thin beryllium-copper strip is
wound on a motor-driven pulley with one end attached to the
tip plate. The rate of deployment of the CLB is controlled by
the lanyard. In the stowed configuration the lanyard is slack.
When the tie rod is cut by a pyrocutter, the whole system jumps
freely through 0.02 m and then the lanyard becomes taut.

The CLB has a large strain energy stored due to the coiling
of elements. The spider block with pop-out spring, the launch
restraint rods, and the tip plate possess large strain energy. This
energy is absorbed by the lanyard after the system is released.

This Note addresses the formulation of equations of motion
for this system to assess the deformation and the load acting
on the lanyard. An elastoplastic analysis is necessary as the
lanyard is yielding after first release. The system will be
stowed back and released for different test configurations
before launch. The lanyard undergoes a permanent defor-
mation after each release. Hence, the cumulative damage at
the end of each release is calculated. Furthermore, the number
of cycles the lanyard would withstand before failure is as-
sessed to ensure that the lanyard is intact during the on-orbit
deployment.

i Received Aug. 12, 1991; revision received Dec. 1, 1992; accepted for
i publication Dec. 23, 1992. Copyright © 1993 by the American Insti-
tute of Aeronautics and Astronautics, Inc. All rights reserved.

*Head, Dynamics and Analysis Section, Spacecraft Mechanisms
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Fig. 1 Deployed and stowed configuration of the boom and sail as-
sembly.
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Xi-X2< 0.0435m XT-X 2 < 0.0435 m 0.0435 < X, -X2< 0.07m Xi-X2> 0.07m
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X3< 0.003m X3< 0.003m X3> 0.003m 0.003 m<X3< 0.02m

Fig. 2 Schematic representation of the stowed and released system
with idealized spring mass system.

Mathematical Modeling
The stowed and released configuration of the deployment

mechanism is shown in Fig. 2a. The physical parameters
are presented in Table 1. This is modeled as a three-degree-
of-freedom (DOF) system as shown in Fig. 2c. The equations
of motion for this system are derived by using Lagrange's
equation1:

Ml X{ + Kl(Xl - X2) + K5(Xl - X2) = K1DP + K5DL (1)

M2X2 + K,(X2 - X,) + K5(X2 - X,) + K2(X2 - X3)

+ K4(X2 - X3) + K1DP+ K5DL = K4DT

M3X3 + K2(X3 - X2) + K3X3 + K4(X3 - X2)

(2)

(3)

where Xf and Xt are the displacement and velocity of mass M/,
respectively, and

CB =

where J is the damping ratio.

These equations are modified depending on the instanta-
neous status of each individual system. The tip plate, which is
simply supported on a canister shell with a preload of 980 N,
attains free-free conditions2 when it moves through 0.0015 m
as shown in Fig. 2d. The constraints are

K2 = Q and K4 = 653,334 N/m for (X2-X3)<Q.W15 m (4)

#4 = 0 and K2 = 211,097 N/m for (X2-X3) > 0.0015 m (5)

The CLB exhibits two stiffness characteristics given by

K3 = 7500 N/m for X3< 0.003m (6)

#3 = 187.5 N/m for X3 > 0.003 m (7)

The launch restraint rods become free when mass MI moves
through 0.0435 m as shown in Fig. 2e. The pop-out spring
locks with the tip plate when MI moves through 0.07 m. The
constraints are

K5 = 0 and DL = 0 for (Xl - X2) > 0.0435 m (8)

#! = 0 and Dp = 0 for (A^ - X2) > 0.070 m (9)

At this stage the system behaves as a two DOF system as
shown in Fig. 2f. The differential equations along with the
preceding constraints are solved by fourth-order Runge-Kutta
method with the following initial conditions.

At time f = 0 ,

, =0 and (10)

for / = ! to 3.
From this, the time taken and the velocity of the system at

a jump distance of 0.02 m is calculated. After the jump dis-
tance of 0.02 m, the slack lanyard becomes taut. The system
now behaves as a single DOF system as shown in Fig. 2g. The
equation of motion for this is given by

At f = 0 ,

M4X4 +f(X49P) + CBX4 = FT (11)

and X4 = X3 (at 0.02 m) (12)

0.01 0.02 0.03 0.04

a) Measured characteristic

b) Schematic of repeated loading X4 deformation of lanyard

Fig. 3 Force-deflection characteristics of the lanyard.

Table 1 Physical parameters of the system

DL
DP
DT
FT
Ki
K5
Mi

M2
M3

Initial deflection of launch restraint rods
Initial compression of pop-out spring
Initial deflection of tip plate
Force due to compression of boom coils
Stiffness of pop-out spring
Stiffness of launch restraint rods
Mass of launch restraint rods and spider

block
Mass of tip plate
Mass of boom coils

0.0435 m
0.088 m
0.0015m

35.0 N
191. 295 N/m
1340.0 N/m

0.203 kg
0.48 kg
3.42kg
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where M4 = Mi~\-M2 + M3> as all masses get attached to the
lanyard, and f(X4,P) is a force-deflection function of the
lanyard fitted for measured force-deflection characteristics of
Fig. 3a.

1) For the linear portion of the curve OA : ̂ 4<0.001516 m

(13)

where KL = 236,000 N/m.
2) For the nonlinear portion of curve3 AB: 0.001516 m<X4

< 0.004064m

f(X4,P) = kXi (14)

where k = 744.41 8 and r = 0.1 128.
3) For the linear portion of curve BC: X4> 0.004064 m

(15)

where A = 2459 .4 and B = 390.0.
The differential equation (11), along with Eqs. (13-15), is

solved for the deformation and shock load on the lanyard.
The system is released several times for different test con-

figurations before launch. To calculate the cumulative defor-
mation at the end of each test Fig. 3b is used. Referring to
Fig. 3b, the force-deflection characteristic of the lanyard for
repeated loading is measured on a tensile testing machine. The
curve shows a linear relationship approximately parallel to OA
for the second and subsequent loading of the lanyard. Hence,
a linear relationship O'B' and O"/?", etc., is assumed for
calculation. The first cycle refers to the curve OAB'O'. The
second cycle is O 'B 'B "O " and so on.

The deformation of the lanyard is calculated for the first
release by using the curve OABX. For the second release, the
deformation of the lanyard is calculated by using the curve
O'B'X. di and 62 are the deformations including the elastic
limit for the first and second releases, respectively. For the
third release, curve O "B "Xis used. This is extended for sub-
sequent releases. 5e\ and de2 are the elastic deformations at the
end of each release. Therefore, for the nth release for which
failure occurs, the cumulative deformation is given by

• +6J- •• +den-i)>du (16)

where 5u is the total elongation of the lanyard before failure.
Hence, n is the number of cycles the lanyard can withstand
before failure.

The energy due to the subsystems at the end of 0.02-m jump
distance is absorbed by the lanyard. The area under the curve
OAB ' and O 'B 'B " is the energy absorbed for the first and
second releases, respectively. This energy is much higher than
the energy in the elastic region of the force-deflection curve.
Hence, the lanyard undergoes plastic deformation for each
release. The force increase for each release is due to the posi-
tive slope of the force-deflection curve.

Results and Discussions
Figure 4 shows the results of the analytical equations for 0

and 20% damping. The peak point on Fig. 4a shows the lan-
yard deformation. The velocity of the system drops down
when the lanyard becomes active and will be zero when the
deformation is maximum. The inertial force of the system for
this deformation, shown in Fig. 4c, is the peak load acting
on the lanyard. The magnitude of the inertial force is large
before the 0.02-m jump distance. This load, however, does not
affect the slack lanyard. This dynamic load acting on the lan-
yard is significant when the system reaches the jump distance
of 0.02 m. The maximum deformation is 0.005367 m for zero
damping, exceeding the elastic deformation of 0.001516m.
This shows that the lanyard has plastically deformed.

This deformation of the lanyard corresponds to zero damp-
ing. But the damping present at the hinges of the boom, be-
tween boom coils and in the sail, reduces this deformation.

ie -0.50
0.00 0.02 0.04 0.06

TIME (SECOND)

0.00 0.02 0.04 0.06 0.08
TIME (SECOND)

Fig. 4 Displacement, velocity, and inertial force response of the
boom and lanyard for 0 and 20% damping: A = slack lanyard region
and B = taut lanyard region.

The lanyard is assumed to be held rigid, but the same is wound
on a pulley. Hence, some shock load is absorbed by the shaft
of the pulley.

By using the preceding mathematical model for repeated
releases, with no change in test configuration for a jump
distance of 0.02 m, the lanyard can withstand 12 cycles. Be-
cause of the strain hardening, the total elongation for repeated
loading is marginally less compared to single loading until
failure. Hence, the lanyard can withstand marginally less than
12 cycles.

In this analysis, the cycles are calculated based on the en-
ergy-absorbing capacity of the lanyard. Hence, the material
can withstand a low number of cycles. This is not a low-cycle
fatigue phenomenon where the load is kept constant for each
cycle without energy considerations. The plastic deformation
for the second and subsequent cycles is negligibly small.
Hence, in low-cycle fatigue the material can withstand a large
number of cycles.

In this Note, the static force-deflection characteristic of the
lanyard is used. The material characteristics for the beryllium-
copper strip at high strain rates are difficult to determine. The
exact strain rate the lanyard undergoes is not known. The
material behavior will be different for different strain rates.

The system undergoes tests in different configurations on
the ground before launch, by detaching subsystems like the
sail assembly and removing the preload on the tip plate. The
cumulative deformation at the end of all test configurations
is calculated. This should be far less than the total elongation
of the lanyard before failure.

Testing the whole system is expensive; hence, a test has been
carried out as described in the Appendix. The mathematical
model has been assessed with regard to the behavior of the
lanyard.

Conclusions
This Note has described the dynamic load coming on the

lanyard due to the energies of various subsystems of the CLB
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and the sail assembly. Practical aspects of mathematical mod-
eling and simulation have ben emphasized. This Note presents
a picture of elastoplastic behavior of the lanyard under differ-
ent test conditions. A mathematical approach has been devel-
oped for studying cumulative deformation and assessing the
margin of safety in terms of number of cycles before failure.

Appendix: Ground Simulation Model
The system under consideration is a CLB with no preload

on the tip plate, without pop-out spring and sail assembly.
This is released under gravity for a jump distance of 0.023 m
with the lanyard becoming taut, when the system reaches this
jump distance. Then the system is retracted and adjusted such
that the slack lanyard will be taut for a jump distance of
0.043 m, when the system is released. The system is retracted
and the preceding procedure is repeated for the jump distances
of 0.063 m, in steps of 0.01 m, until the lanyard fails. In the
test, the lanyard failed for the 0.113-m jump distance with all
cumulative damages due to earlier tests.

The mathematical model developed for this configuration is
a single DOF system with bilinear boom stiffness characteris-
tics. The deformation of the lanyard is calculated based on the
force-deflection characteristics. The cumulative permanent de-
formation of the lanyard calculated by this model exceeded the
allowable deformation for the jump distance of 0.103 m in-
dicating lanyard failure. This is in agreement with test results
which showed the failure for a jump distance of 0.113 m.
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Introduction

P ARAMETER optimal control optimizes parameters sub-
ject to differential constraints. It is between regular opti-

mal control and parameter optimization. It has many applica-
tions. In particular, trajectory optimization problems can be
converted into parameter optimal control with various control
parameterizations.

Some work has been done on parameter optimal control.
Vincent and Grantham1 studied necessary conditions using a
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parameter optimization method. Stengel2 discussed possible
applications of the problem. Rogers3 developed a first-order
numerical method.

This Note uses two approaches and derives the first- and
second-order conditions for unconstrained parameter optimal
control. The obtained gradient expressions can be used effec-
tively in numerical solutions.

Problem Statement
A parameter optimal control problem seeks to minimize

subject to

I = 4>(xf, V) + L(t,x,ir)dt

x=f(t,x,*)

0)

(2)
where x(t) is an nxl state vector, TT is a p x 1 parameter
vector, and both 0 and L are scalars. We assume that t0 and tf
are fixed, and x(tQ) = x0 is specified. TT is constant over [tQ, tf].

Parameter optimal control problems appear naturally in en-
gineering. Engine parameter optimizations, for example, are
subject to motion dynamics. A trajectory optimization prob-
lem can be solved efficiently with parameter optimal control.
Parameter optimal control can also be used to determine feed-
back gains in a nonlinear system. In these applications, the
gradient expressions derived in this Note require many fewer
numerical integrations than a direct digital differentiation.

Solution Methods: Overview
There are two basic approaches to solve a parameter optimal

control problem. Parameter optimal control can be viewed as
a special optimal control problem that only uses parameters.
Also, it can be seen as a special parameter optimization prob-
lem with differential constraints. These two interpretations
provide two basic solution methods.

In the optimal control approach, the differential constraints
are adjoined to the performance index through the use of
Lagrange multiplier functions. As a result, one obtains simple
expressions for both the first- and second-order gradients. The
parameter optimization approach produces consistent results
but does not lead to clean expressions for the second-order
gradient.

One can combine the two approaches in constructing nu-
merical methods. Nonlinear programming algorithms can be
used directly with the simple expressions of the first- and sec-
ond-order gradients from the optimal control approach.

Necessary Conditions
In the optimal control approach, we adjoin Eq. (2) into

the performance index /in Eq. (1). The augmented cost func-
tional is

(3)J = </>(*/, TT) + [H(t, x, V, X) - \Tx] dt

where \(t) is an n x 1 Lagrange multiplier function, and H is
the Hamiltonian defined as

H(t, x, TT, X) £ L(t, x, TT) + \Tf(t, jc, TT)

The first variation of J is

(4)

dJ =

[Hxdx r-\Tdx + d\T(f-x)]dt

\T)dxdt

Noting 6*0 = 0 and choosing

(5)

(6)


